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Elementary Observations about Musical 
Notation and the Diatonic System

(Almost) every generic interval comes in two species. 
“Myhill's Property”



Elementary Observations about Musical 
Notation and the Diatonic System

(Almost) every generic interval comes in two species. 
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“Myhill's Property”

The two species always differ 
by an alteration (# or b):



An “Arbitrary” Scale
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The Well-formedness Property
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Theorem  (Carey & Clampitt 1989, 1996): 

Example g = Log2(3/2):     
with semiconvergents  1/2, 2/3, 3/5, 4/7, 7/12, ...
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Is the automorphism 
musically relevant?

4 . 2 = 1 mod 7

Every step can be divided into two fifths.
Every fifth can be divided into four steps.

n = 7
m = 4

The diatonic case:



Claudio Monteverdib

c d

a
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5 6 7 8 9

Excerpt from the madrigal  “Questi vaghi”
aʼ bʼ

cʼ dʼ



Georg Friedrich Händel

Beginning of the “Passacaille”
(Suite for Harpsichord in G-Minor)



(Fundamental Bass)
A                 D G          C F            B   E       A

W.A. Mozart

1st Theme from a Piano Sonata



F. Chopin
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Excerpt from a Study for Piano
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Bart Howard



Extending the Linear Automorphism

Octave #

Octave #

Fifth Fourth

Major, minor
Seconds



Diatonic Modes

bad conjugate

Guidonian 
Modes

Glarean 
Modes

let the words come into play !
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Modes and their Plain Adjoints



Calculation of the plain adjoint (by example)



aaba|aab y-1x|y-1xy-1xy-1 aaba|aab x-1y|x-1yx-1yy
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x = f(a) = aaba y = f(b) = aab

plain adjoint twisted adjoint

Comparing the two Adjoints in F2

Automorphism f of F2:



plain adjoint

a b-1



plain adjoint

aa
ba

aa
ba

aa
ba

b -1a -1a -1

b -1a -1a -1

b -1a -1a -1

b -1a -1a -1



plain adjoint

b-1(aa)-1aa)(a

aab)a aab)a aab)a(b-1a-1a-1 (b-1a-1a-1 (b-1a-1a-1 b-1a-1a-1aaa



twisted adjoint
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twisted adjoint

a-1b

aaba-1b-1a-1a-1 a-1b-1a-1a-1 a-1b-1a-1a-1aab aab aab



Reminder:





Question:
The morphisms nicely generate the interval patterns. 
But we don’t have access to the notes yet.
Is there a transformational approach?

The Answer is here:



Sturmian Morphisms generate 
Lattice-path Transformations 



Sturmian Morphisms generate 
Lattice-path Transformations 

cʼ



Common Finalis Modes (“Tropes”): 
The lattice-path transformations are 

applied to the same initial lattice path.



Common Origin (“White Note”) Modes: 
The lattice-path transformations are 

applied to the different initial lattice paths.



Lattice Path Transformations have 
Linear Adjoints 

Geometric Interpretation (here in 3 Dimenions: Example from Arnoux and Ito)



Lattice Path Transformations have 
Linear Adjoints 



The initial lattice path can be mapped to the dual space

cʼ
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The initial lattice path can be mapped to the dual space

and we can apply the adjoints E(fi)* 
of the 6 lattice path transformations E(fi) ...

cʼ     

  

?

?



... and obtain the associated co-vectors
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Switch music-theoretical interpretation





E(fi*)(                )

E(fi*)*(                )



E(fi*)*(                        )

Zarlino 1571



Ionian 
Substitution

Major 
Substitution



Dual Map 



Ta

Tc

Tb

Dynamical System




