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Sturmian involution, lattice-path-transformations
and their application to the investigation of diatonicity
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Elementary Observations about Musical
Notation and the Diatonic System
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(Almost) every generic interval comes in two species.
“Myhill's Property”

v
1R

Exceptions:

g
e

P8 P15



Elementary Observations about Musical
Notation and the Diatonic System
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(Almost) every generic interval comes in two species.
“Myhill's Property”

The two species always differ
by an alteration (# or b):

M3 m3



An “Arbitrary” Scale

s(1)
s:Z,>S CR/Z|

5(2)

5(3)

s(3)  s(4)

represented in ascending ordering with: s0)<s(l)<..<s(n—1)<s(0)+1



The Well-formedness Property

Scale; 5(6)

s:Zn—S CR/Z
s0)<s(l)<..<s(n—1)<s(0)+1

Generated Scale:

7. ; s(3)
p l‘ N
Z,S CR/Z
q(k) = g -k mod 1 for some g € (0,1) s(4)

Well-formed Scale;

The permutation p = s~ 1q : Z,,>Z,, is a linear map.



Theorem (Carey & Clampitt 1989, 1996).

Consider an n-tone scale S = {k-gmod 1|k =0,....,n—1} CR/Z,
generated by g € (0,1). Let ¢,s : Z, — S denote the associated
generation order and scalar order encodings of S, respectively. The

following three properties are equivalent:

(i) S is non-degenerate well-formed, i.e. s7'(q(k)) = m -k mod n

for a suitable m € Z, and S # ~Z/Z.
(ii) (Myhill property) Each non-zero generic interval comes in pre-

cisely two specific sizes.
m

m
(iii) The ratio — is a semiconvergent of the generator g with — # g.
n n

Example g = Logx(3/2): |
with semiconvergents 1/2,2/3,3/5,4/7,7/12, ... 6
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Is the automorphism
musically relevant? M & Ly, — an

Lin
m | N\
Zmy — S CR/Z
The diatonic case:
n=7 Every step can be divided into two fifths.
m =4 Every fifth can be divided into four steps.

4.2=1mod7|
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Beginning of the “Passacaille”
(Suite for Harpsichord in G-Minor)




1st Theme from a Piano Sonata

Allegro maestoso. W.A. Mozart
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Excerpt from a Study for Piano
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Extending the Linear Automorphism

Octave H Fifth Fourth

0 — Z (i)’(—i) < Z[P5P4 — Zy — 0

(1) (1) e
(;)(_11) o ZM2,m2 - Zy — 0

Octave H

Major, minor
Seconds



let the words come into play !

Diatonic Modes l
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Modes and their Plain Adjoints |
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Calculation of the plain

aabalaab
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Comparing the two Adjoints in F» |

Automorphism f of Fo: X =f(a) = aaba y = f(b) = aab
aabalaab y-xly-ixy-Ixy-! aabalaab Xxlylxlyxlyy
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twisted adjoint
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Reminder:

The group -Aut(
tomorphisms: G,

i (redu\rlldan’\c'ly) generé,ted by the following au-
G,

G(a) =a, G(b)
(b
E(b

F,) is
D E F2 —— F2 with

h G0 =Glil=a 00 =COl=ta
D(a) = D(a) = ab. .D(b) = D(b)=b,

|
QO“Q

D(a) = ba D(b)

E(a) = b, )

Proposition 4.1 The mapping f — f* = (z7 % y)f(z™!,y) is an involu-
tive anti-automorphism of the special Sturmian monoid, that exchanges D
and D and fizes G and G. It sends conjugacy classes of morphisms onto

conjugacy classes. The involution on Christoffel words that it induces is the
same as the one of Section 2.

Berthé, V., de Luca, A., Reutenauer, C.: On an involution of Christoffel words and
Sturmian morphisms. European Journal of Combinatorics 29(2), 535-553 (2008




fa = GGD = (xzzy, TXY)

f1=GGD = (zxyz, zxYy)

fs = GGD = ‘(m:cya:, :cya:)

fo —GGD = (zyzx, TYT)

~ N~

fe = GGD = (zyzx, yxx)

f3 = GGD = (yzzz, yz)

D

o fi =DGG= (yil?, y:z:y:cy)

fi=DGG = (zy, zyzyy)

f& = DGG = (yz,yzyyz)

f3 =DGG = (zy, zyyzy)

fé=DGG = (yz, yyzyz)

~ AN~

f3 = DGG = (zy, yzyry)



Question:
The morphisms nicely generate the interval patterns.

But we don’t have access to the notes yet.
Is there a transformational approach?

The Answer is here:

Berthé, V., de Luca, A., Reutenauer, C.: On an involution of Christoffel words and
Sturmian morphisms. European Journal of Combinatorics 29(2), 535-553 (2008

Arnoux, P., Shunji, I.: Pisot substitutions and Rauzy fractals. Bulletin of the Belgian
Mathematical Society Simon Stevin 8, 181-207 (2001)




Sturmian Morphisms generate
Lattice-path Transformations

Let e, = ((1)) =V (z) and e, = ((1)) = V(y) denote the base vectors of Z?.

Consider the set B = {(W,e;) | W € Z*} U {(W,e,) | W € Z?} and consider the
linear space

F={v:B—R|v(W,e,) =0, for all but finitely many (W,e,) € B} .




Sturmian Morphisms generate
Lattice-path Transformations

| f(2)]

E(f)(Wez) == )  (My-W +V(Pi(f(2))), L, (7))
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Common Finalis Modes (“Tropes”):
The lattice-path transformations are
applied to the same Initial lattice path.

fi= («’1733?#13: :E.’I:y) fo= (.’L'y:I::c, :I:yfc) f3= (y:v:c:l:, ya::L')
? lonian 2 Dorian *Phrygian
1 1
——r—J 0 I_—‘_J 0 I_—_‘_J
-1 -1
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-2

1 1 1
- -] -1
-2 -2

-3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3

fa = (zzay, xTY) fs = (zxyz, TYT) fo = (zyzz, yzI)



Common Origin (“White Note”) Modes:
The lattice-path transformations are
applied to the different initial lattice paths.

f1= (zzyz, TTY) fo= (zyzrz, TYT) f3 = (yzzrz, yz)
° lonian * Dorian 3 Phrygian
2 2 2
1 1 1
0 0 0 I————I_‘
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- r e EE R R AR EEEEE R B R R
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1 ._._.—r—v.! 1 J‘I‘ 1 .J—‘-—I_‘
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i, -1 -1
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fa = (zz2y, xTY) fs = (zxyz, TYT) fo = (zyzz, yzI)



Lattice Path Transformations have
Linear Adjoints

| f(2)]

E(f)W,ez) == ) (Mg W +V(Pe(f(2))), er(5())
k=1

E(fWe)* = ) (M7 (W —V(P;(f(2)))) €z)"

L;i(f(x))==

+ Y (MFYW - V(Pi(f®)))) ey)"

L;(f(y))==

Geometric Interpretation (here in 3 Dimenions: Example from Arnoux and Ito)

o L=




Lattice Path Transformations have
Linear Adjoints

| f(2)]

E(f)W,ez) == ) (Mg W +V(Pe(f(2))), er(5())
k=1

E(f)(We)* = > (Mj'(W—=V(P(f(2)), es)"

L;i(f(x))==

+ Y (MFYW - V(Pi(f®)))) ey)"

L;(f(y))==




The initial lattice path can be mapped to the dual space]

In order to establish a comparison between the maps E(f)* : F* — F* and
E(f*): F — F Berthe et al. [2] introduce the following map ¢ : F — F*. With

1 0
H = (O 1 they define: ¢
F*
¥ o —>
C !
1 1
4
O-C /]G 0 —
e 0 L 2 e 0 1 2




The Initial lattice path can be mapped to the dual spacel

¢
F — F*

i A L A a 1 1 1
= 0 1 2 = 0 1 2

and we can apply the adjoints E(f;)*
of the 6 lattice path transformations E(f) ...




... and obtain the associated co-vectors

4 4
‘ Lydian lonian Mixolydian
3 —— 3
e 2 [ 2 o |—
L 1 L 1 L
L 0 e 0 ®
-1 ° ~1 ° —
-2 -2 ®
-3 i -3
-2 -1 0 1 2 3 -3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3
. 4 s 4 1
Dorian Aeolian Phrygian
3 3
2 2
o 1 ] L 1 —
o 0 L 0 L




* lonian
C C
1_
1..
0
0] - —> G
C G 1
=3 _ C
3 B a@ P 2
-3 -2 -1 0 1 2 3
%i" S — % - o ¥ g =
¢ © e © @ o
Switch music-theoretical interpretation
. Bb
lonian
Bb
11 2
0 - >
B A
1 | 0
3 0 & 2 A
B
-1
-2 -1 0 1 2 3
= _—




-2 -1 0 1
Lydian

L)

-2 -1 0 1

'1'((:

s

2)

-3 -2 -1 0
L
L]
L
L J

2 3
2 3
lonian

Mixolydian

Mixolydian




* Lydian

lonian
e
e o o
-3 -2 -1 0 2 3 4
Lydian
e o o l——‘
®
-3 -2 -1 0 2 3 4 §

* lonian Muxolydlan
2
0

0

* Aeolian Phrygnan
0

1

-3 -2-1 0 1 2 3 4 5

Mixolydian

E()™( )

J | Phrygian

-3 -2-1 0 1 2 3 4 6§

Aeolian

e o
-3 -2 -1 0 1 2 3 4 5



P Zarlino 571

, 2 o
Dorian | Phrygian
1 2 @
0 o o ]— 0 o ©° L
=1 g -1 e o
—g =
-3 -2\-1 0 1 2 3 4 5
1 Mixolydian f
0 e o ! 0
-1 ._.—I— 'l
-2 _2



lonian Major
Substitution Substitution

[
&1 (8 )
ﬁ ) o L4 - - 5 3 -
o & L Py & &

o:{a,b}* — {a,b}" o:{a,b,c}* — {a,b,c}”













