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sesquioctavus sesquioctavus 

sesquitertius sesquitertius sesquitertius sesquitertius 

VI. VIII. IX. XII. XVI. XVIII. XXIV. 

sesquialter sesquialter sesquialter sesquialter 

Duplum Duplum 

Quadruplum 

Figure 1. The heptactys {6, 8, 9, 12, 16, 18, 24} in Scolica enchiriadis. 

sively on the pitch-class content of regions yields the well-formed scales 

defined in Carey and Clampitt (1989) and discussed below. The language 
of pitch class and interval class allows a much more tractable theory, but 

one recovers some partly veiled or completely lost information by adopt- 

ing a point of view, akin to that of the medieval theorists, that treats pitch 
class more flexibly. 

I 

The heptactys includes the perfect eleventh, represented by the ratios 
16:6 and 24:9 (that is, 8:3 in reduced terms). Musica and Scolica enchiri- 
adis accept the perfect eleventh as a consonance in contradiction to strict 

Pythagorean tradition, 8:3 being neither a multiple nor a superparticular 
ratio. Barbera (1984) locates possible sources for what he calls this "ex- 

pansion of the musical tetractys" in treatises by Theon of Smyrna and 

Gaudentius, while Phillips (1984, 1990) identifies Cassiodorus and Cal- 
cidius as sources of Scolica and of its treatment of the eleventh as a con- 

sonance, though not of the heptactys itself. 
The heptactys reappears in the eleventh-century treatises by Aribo 

Scholasticus and Hermannus Contractus, and in the Quaestiones in mu- 
sica. Aribo's De musica contains a diagram similar to figure 1 (Smits van 

Waesberghe 1951, 62-63), while Hermannus identifies the heptactys with 
"the entire complex of consonances" (Ellinwood 1936, 21). One possible 
justification for the heptactys is that it presents the six consonances ac- 

cepted by many medieval theorists: fourth (4:3), fifth (3:2), octave (2:1), 
eleventh (8:3), twelfth (3:1), and double octave (4:1). Moreover, the con- 

114 

IXe siècle, anonyme



Lambda

Interprétation musicale

sesquioctavus sesquioctavus 

sesquitertius sesquitertius sesquitertius sesquitertius 

VI. VIII. IX. XII. XVI. XVIII. XXIV. 

sesquialter sesquialter sesquialter sesquialter 

Duplum Duplum 

Quadruplum 

Figure 1. The heptactys {6, 8, 9, 12, 16, 18, 24} in Scolica enchiriadis. 

sively on the pitch-class content of regions yields the well-formed scales 

defined in Carey and Clampitt (1989) and discussed below. The language 
of pitch class and interval class allows a much more tractable theory, but 

one recovers some partly veiled or completely lost information by adopt- 

ing a point of view, akin to that of the medieval theorists, that treats pitch 
class more flexibly. 

I 

The heptactys includes the perfect eleventh, represented by the ratios 
16:6 and 24:9 (that is, 8:3 in reduced terms). Musica and Scolica enchiri- 
adis accept the perfect eleventh as a consonance in contradiction to strict 

Pythagorean tradition, 8:3 being neither a multiple nor a superparticular 
ratio. Barbera (1984) locates possible sources for what he calls this "ex- 

pansion of the musical tetractys" in treatises by Theon of Smyrna and 

Gaudentius, while Phillips (1984, 1990) identifies Cassiodorus and Cal- 
cidius as sources of Scolica and of its treatment of the eleventh as a con- 

sonance, though not of the heptactys itself. 
The heptactys reappears in the eleventh-century treatises by Aribo 

Scholasticus and Hermannus Contractus, and in the Quaestiones in mu- 
sica. Aribo's De musica contains a diagram similar to figure 1 (Smits van 

Waesberghe 1951, 62-63), while Hermannus identifies the heptactys with 
"the entire complex of consonances" (Ellinwood 1936, 21). One possible 
justification for the heptactys is that it presents the six consonances ac- 

cepted by many medieval theorists: fourth (4:3), fifth (3:2), octave (2:1), 
eleventh (8:3), twelfth (3:1), and double octave (4:1). Moreover, the con- 

114 

IXe siècle, anonyme

6      8   9      12



Lambda

Interprétation musicale

sesquioctavus sesquioctavus 

sesquitertius sesquitertius sesquitertius sesquitertius 

VI. VIII. IX. XII. XVI. XVIII. XXIV. 

sesquialter sesquialter sesquialter sesquialter 

Duplum Duplum 

Quadruplum 

Figure 1. The heptactys {6, 8, 9, 12, 16, 18, 24} in Scolica enchiriadis. 

sively on the pitch-class content of regions yields the well-formed scales 

defined in Carey and Clampitt (1989) and discussed below. The language 
of pitch class and interval class allows a much more tractable theory, but 

one recovers some partly veiled or completely lost information by adopt- 

ing a point of view, akin to that of the medieval theorists, that treats pitch 
class more flexibly. 

I 

The heptactys includes the perfect eleventh, represented by the ratios 
16:6 and 24:9 (that is, 8:3 in reduced terms). Musica and Scolica enchiri- 
adis accept the perfect eleventh as a consonance in contradiction to strict 

Pythagorean tradition, 8:3 being neither a multiple nor a superparticular 
ratio. Barbera (1984) locates possible sources for what he calls this "ex- 

pansion of the musical tetractys" in treatises by Theon of Smyrna and 

Gaudentius, while Phillips (1984, 1990) identifies Cassiodorus and Cal- 
cidius as sources of Scolica and of its treatment of the eleventh as a con- 

sonance, though not of the heptactys itself. 
The heptactys reappears in the eleventh-century treatises by Aribo 

Scholasticus and Hermannus Contractus, and in the Quaestiones in mu- 
sica. Aribo's De musica contains a diagram similar to figure 1 (Smits van 

Waesberghe 1951, 62-63), while Hermannus identifies the heptactys with 
"the entire complex of consonances" (Ellinwood 1936, 21). One possible 
justification for the heptactys is that it presents the six consonances ac- 

cepted by many medieval theorists: fourth (4:3), fifth (3:2), octave (2:1), 
eleventh (8:3), twelfth (3:1), and double octave (4:1). Moreover, the con- 

114 

IXe siècle, anonyme

6      8   9      12



Lambda

Interprétation musicale

sesquioctavus sesquioctavus 

sesquitertius sesquitertius sesquitertius sesquitertius 

VI. VIII. IX. XII. XVI. XVIII. XXIV. 

sesquialter sesquialter sesquialter sesquialter 

Duplum Duplum 

Quadruplum 

Figure 1. The heptactys {6, 8, 9, 12, 16, 18, 24} in Scolica enchiriadis. 

sively on the pitch-class content of regions yields the well-formed scales 

defined in Carey and Clampitt (1989) and discussed below. The language 
of pitch class and interval class allows a much more tractable theory, but 

one recovers some partly veiled or completely lost information by adopt- 

ing a point of view, akin to that of the medieval theorists, that treats pitch 
class more flexibly. 

I 

The heptactys includes the perfect eleventh, represented by the ratios 
16:6 and 24:9 (that is, 8:3 in reduced terms). Musica and Scolica enchiri- 
adis accept the perfect eleventh as a consonance in contradiction to strict 

Pythagorean tradition, 8:3 being neither a multiple nor a superparticular 
ratio. Barbera (1984) locates possible sources for what he calls this "ex- 

pansion of the musical tetractys" in treatises by Theon of Smyrna and 

Gaudentius, while Phillips (1984, 1990) identifies Cassiodorus and Cal- 
cidius as sources of Scolica and of its treatment of the eleventh as a con- 

sonance, though not of the heptactys itself. 
The heptactys reappears in the eleventh-century treatises by Aribo 

Scholasticus and Hermannus Contractus, and in the Quaestiones in mu- 
sica. Aribo's De musica contains a diagram similar to figure 1 (Smits van 

Waesberghe 1951, 62-63), while Hermannus identifies the heptactys with 
"the entire complex of consonances" (Ellinwood 1936, 21). One possible 
justification for the heptactys is that it presents the six consonances ac- 

cepted by many medieval theorists: fourth (4:3), fifth (3:2), octave (2:1), 
eleventh (8:3), twelfth (3:1), and double octave (4:1). Moreover, the con- 

114 

IXe siècle, anonyme

6      8   9      12

12     16 18   24



Lambda

Interprétation musicale

sesquioctavus sesquioctavus 

sesquitertius sesquitertius sesquitertius sesquitertius 

VI. VIII. IX. XII. XVI. XVIII. XXIV. 

sesquialter sesquialter sesquialter sesquialter 

Duplum Duplum 

Quadruplum 

Figure 1. The heptactys {6, 8, 9, 12, 16, 18, 24} in Scolica enchiriadis. 

sively on the pitch-class content of regions yields the well-formed scales 

defined in Carey and Clampitt (1989) and discussed below. The language 
of pitch class and interval class allows a much more tractable theory, but 

one recovers some partly veiled or completely lost information by adopt- 

ing a point of view, akin to that of the medieval theorists, that treats pitch 
class more flexibly. 

I 

The heptactys includes the perfect eleventh, represented by the ratios 
16:6 and 24:9 (that is, 8:3 in reduced terms). Musica and Scolica enchiri- 
adis accept the perfect eleventh as a consonance in contradiction to strict 

Pythagorean tradition, 8:3 being neither a multiple nor a superparticular 
ratio. Barbera (1984) locates possible sources for what he calls this "ex- 

pansion of the musical tetractys" in treatises by Theon of Smyrna and 

Gaudentius, while Phillips (1984, 1990) identifies Cassiodorus and Cal- 
cidius as sources of Scolica and of its treatment of the eleventh as a con- 

sonance, though not of the heptactys itself. 
The heptactys reappears in the eleventh-century treatises by Aribo 

Scholasticus and Hermannus Contractus, and in the Quaestiones in mu- 
sica. Aribo's De musica contains a diagram similar to figure 1 (Smits van 

Waesberghe 1951, 62-63), while Hermannus identifies the heptactys with 
"the entire complex of consonances" (Ellinwood 1936, 21). One possible 
justification for the heptactys is that it presents the six consonances ac- 

cepted by many medieval theorists: fourth (4:3), fifth (3:2), octave (2:1), 
eleventh (8:3), twelfth (3:1), and double octave (4:1). Moreover, the con- 

114 

IXe siècle, anonyme

6      8   9      12 12     16 18   24



Lambda

Interprétation musicale

sesquioctavus sesquioctavus 

sesquitertius sesquitertius sesquitertius sesquitertius 

VI. VIII. IX. XII. XVI. XVIII. XXIV. 

sesquialter sesquialter sesquialter sesquialter 

Duplum Duplum 

Quadruplum 

Figure 1. The heptactys {6, 8, 9, 12, 16, 18, 24} in Scolica enchiriadis. 

sively on the pitch-class content of regions yields the well-formed scales 

defined in Carey and Clampitt (1989) and discussed below. The language 
of pitch class and interval class allows a much more tractable theory, but 

one recovers some partly veiled or completely lost information by adopt- 

ing a point of view, akin to that of the medieval theorists, that treats pitch 
class more flexibly. 

I 

The heptactys includes the perfect eleventh, represented by the ratios 
16:6 and 24:9 (that is, 8:3 in reduced terms). Musica and Scolica enchiri- 
adis accept the perfect eleventh as a consonance in contradiction to strict 

Pythagorean tradition, 8:3 being neither a multiple nor a superparticular 
ratio. Barbera (1984) locates possible sources for what he calls this "ex- 

pansion of the musical tetractys" in treatises by Theon of Smyrna and 

Gaudentius, while Phillips (1984, 1990) identifies Cassiodorus and Cal- 
cidius as sources of Scolica and of its treatment of the eleventh as a con- 

sonance, though not of the heptactys itself. 
The heptactys reappears in the eleventh-century treatises by Aribo 

Scholasticus and Hermannus Contractus, and in the Quaestiones in mu- 
sica. Aribo's De musica contains a diagram similar to figure 1 (Smits van 

Waesberghe 1951, 62-63), while Hermannus identifies the heptactys with 
"the entire complex of consonances" (Ellinwood 1936, 21). One possible 
justification for the heptactys is that it presents the six consonances ac- 

cepted by many medieval theorists: fourth (4:3), fifth (3:2), octave (2:1), 
eleventh (8:3), twelfth (3:1), and double octave (4:1). Moreover, the con- 

114 



Lambda

Interprétation musicale

9 1 8.... .. ...ili.iii 
.... 

S18 iiilBItlf1JPi 

8 16 

Figure 6. The region R(5,3) c 
G(5,3). 

2A 3B G(A,B) S(A,B) R(AB) 

2 3 G(o,)={ 1) S(I,0)={ 1) R(I,l)={ 1) 
4 3 

G(2.1)={ 1,2} S(2,1)={ 1,2) R(2,1)={ 1,2) 
8 9 G(3.2)={ 1,2,3,4,6,12) S(3,2)={ 1,2,3,4,6) R(3,2)={2,3,4,6) 

Note that in each region there are A+B-1 elements. For example, there 
are 7 elements in R(5,3), and 7=5+3-1. We will show that in general a re- 

gion with parameters A and B will contain A+B-1 elements. 
The next connected pair of pure powers of 2 and 3 after 27 and 32 is 

256 and 243, or 28 and 35, and 256/243 represents the interval known to 
the ancients as limma, that is, the Pythagorean diatonic half-step. This, by 
the way, is the example Boethius uses for his notion of primi numeri, by 
which he means, not prime numbers, but pairs of numbers in reduced 
terms. Our connected pairs of pure powers would be included among his 

primi numeri, and it is interesting that the example Boethius gives is a 
connected pair (Bower 1989, 26-27). Figure 7 shows the twelve elements 
of the region R(8,5) as a subset of G(8,5). The region R(s,5) contains all modal 
varieties of the usual (anhemitonic) pentatonic scale. The cardinality of 
the region is again A+B-1, that is, 8+5-1, or 12. 

The elements 211 and 37 are the next connected pair of pure powers in 
P. The ratio 37/211 represents the interval from F to F#, the chromatic half- 

step, or apotomW. This interval determines the diatonic region R(11,7), in 
which there are 11+7-1 or 17 elements. The region begins on 384, or Cs, 
and ranges through two octaves and a major third to conclude on 1944, 
or E10o. Scolica enchiriadis also presents the C scale, in an alphabetic no- 
tation, spanning two octaves. The two-octave scale is the final stage in the 
discussion of harmonics in Scolica. The two-octave span is customary, 

120 
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Soit (M,×) le monoïde libre engendré par 2 et 3, 
i.e. {2a 3b / a, b ∈  }⊂ *. 
On l’ordonne: 
M = {1=m0, 2=m1, … mn<mn+1<…}

La suite des intervalles de M est 
S=(m1/m0, m2/m1, … mn+1/mn …)

Le mot Lambda est créé en indexant S par ordre 
d’apparition de ses éléments.
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et la séquence des différences successives.
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et la séquence des différences successives.

(techniquement on se limite à 1< Θ <2. Sauf 
spécification on gardera la valeur «musicale» de Θ)

Θ =1,584962500721… 
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Λ en 2D (dynamique)

Λ parcourt un (quart de) réseau 
par valeurs croissantes (mais le 

moins possible !) de la forme 
linéaire (x,y) → x + Θ y
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Λ en 2D: conséquences

 Comme il y a de plus en plus de place, les 
différences ∂n=(xn+1 + yn+1 Θ )-(xn + yn Θ ) tendent 
vers 0, et donc Λ a une infinité de lettres.
 Chaque lettre apparaît un nombre fini de fois.
 À un instant donné il n’y a qu’un nombre fini de 

lettres possibles (au maximum 3).
 Chaque zig ou zag est un vecteur à coordonnées 

entières qui donne une pente proche de Θ 

(ex. (8,-5Θ) alias 8/5): (a, -b) ou (-a, b) avec a/b ≈Θ.
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Thm: x et Θy sont reliés dans le graphe ssi x/y est 
une réduite de Θ (idem pour la différence de deux 
points consécutifs de MΘ).

Algorithme sans approximation décimale: 
il s’agit donc de «placer» la meilleure réduite 
possible en fonction du point du réseau atteint.

Direction: changement de sens à chaque réduite 
principale 

Nombre d’occurrences d’une lettre: produit des 
facteurs de la réduite suivante ou précédente

Λ via les réduites de Θ



Exemple pour l’algo

à «l’instant» 5+2 Θ, les réduites à 
considérer sont 3/2, 5/3, et 8/5. On essaye 
donc les vecteurs (-3, 2), (5, -3) et (8, -5). 
Les deux dernières font sortir du quart de 
plan, donc on se déplace vers 2+4 Θ.

La réduite suivante sera 11/7, i.e. le 
vecteur (-11, 7), qui ne «passe» pas encore 
(elle viendra en 11+0 Θ).
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La région (11, 7) (gamme diatonique)
0 2 4 6 8 10
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PALINDROMES

Les régions sont symétriques par 
construction, i.e. correspondent à des 
mots palindromiques.
Quels autres palindromes ? Maximaux ? 
Exhaustifs ?
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Λ= a b cbc d cc dcd edcde dd ede ddedd 
fddeddf ddd fddfdddfddf g fddfddf gfddfg 
fdfgfddfgfdf gfg fdfgfdf gfgfdfgfg 
ffgfgfdfgfgff gfgfg ffgfgffgfgfgffgfgff h 
ffgfgffgfgff hffgfgffh ffgffhffgfgffhffgff 
hffh ffgffhffgff hffhffgffhffh 
fffhffhffgffhffhfff hffhffh fffhffhfff 
hffhffhfffhffhffh ihffhffhfffhffhffhi…
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Généralisant les «régions», Norman a 
défini les «nuclear sequences» par:

18 NORMAN CAREY

Translating between our three structures, we remark that if {C} is a consecutive
sequence of complements in {Mθi}, then δ{C} is a palindrome of differences, and
χ(δ{C}) is a palindrome of letters in Λθ.

12.2. Covering Palindromes. Trivially, every letter in Λθ belongs to a palin-
drome consisting of itself alone. We will show below that there is a class of longer
palindromes that provide a factorization of Λθ that cover Λθ. We do so by con-
structing the associated class of complementary sequences that cover {Mθi}. The
palindromes that are the images of the maximal sequences provide a basis for prov-
ing the hypothesis that words framed by successive appearances of the same letter
are palindromes.

12.3. Complementary Sequences. We first develop an “inner” set of what we
will call nuclear complementary sequences. (A subset of these provide for the factor-
ization of Λθ by palindromes.) Next, we expand the set of nuclear complementary
sequences outward as far as possible to form maximal complementary sequences.

12.3.1. Nuclear Complementary Sequences. We utilize the floor function !x" to
mean the greatest integer less than or equal to x. We note two values that ap-

proximate θ: Let n ∈ N. Then
!nθ"

n
< θ and

n

!n(θ−1)"
> θ.

We define a subsequence {NA+B} ∈ {Mθi} as follows:

(38) {NA+B} =






{a + bθ | A ≤ a + bθ ≤ Bθ, !Bθ" = A} = {NA+B(−)}
or
{a + bθ | Bθ ≤ a + bθ ≤ A, !A/θ" = B} = {NA+B(+)}

If both A and B are zero, then {NA+B} = ∅, so we assume A + B > 0. Note
that we index these sequences with the value A+B.4 The indices for the sequences
run through the positive integers. That is, the values of A and B are organized
such that there exists only one pair of values, (A, B), such that A + B = k ∈ Z∗.5

For nuclear complementary sequences {Nk} and {Nk+1}, there are three possi-
bilities for A + B = k:

(39)

(1) A < Bθ followed by Bθ < (A + 1).
(2) Bθ < A followed by A < (B + 1)θ.
(3) Bθ < A followed by Bθ < (A + 1).

All of these follow from 1 < θ < 2 and the definition of {NA+B} and provide the
proofs for two lemmas:

Lemma 7. max{Nk} ∈ {Nk+1}.

In the third case, not just the maximal value, but all of {Nk} belongs to {Nk+1}.

Lemma 8. max{Nk+1} > max{Nk}.

4The indices order the sequences with respect to one another, but do not enumerate each. We
use the notation {S} to indicate a sequence and, when we wish to enumerate the elements of the
sequence is of consequence, we use {S}n.

5A proof of these statements in the context of Beatty Sequences is found in Appendix A.

Les couples (A, B) sont tels que (mettons) 
pour A fixé, A/B ≈Θ. Le noyau est compris 
entre deux triangles qui «collent» MΘ.
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(Au lieu de ne prendre que les réduites on 
considère les suites de Beatty encadrant Θ)

Ainsi on a des domaines 
à symétrie centrale (i.e. 
des palindromes si on 
considère les différences) 
qui recouvrent automati-
quement Λ

a b cbc d cc dcd edcde dd ede ddedd fddeddf ddd fddfdddfddf g fddfddf gfddfg
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maximaux par les définitions suivantes:
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and negative sequences , following types 1 and 2 as depicted above in Expression
(39). There are some additional positive sequences, as shown in type 3. For addi-
tional information, see the Appendix.

By way of illustration, here is the beginning of the complete set of nuclear palin-
dromes of Λϑ. The palindromes rendered in italics represent the images of the
additional positive nuclear sequences and are not utilized in the factorization:
a, b, c, cbc, d, cc, dcd, e, edcde, dd, ede, ddedd, f , fddeddf, ddd, fddf , fddfdddfddf, . . .

It is the complete set of nuclear palindromes that is required in the following.

12.5. λ{NA+B} in relation to Λθ. Each λ{NA+B} is a word that appears for the
first time in Λθ: Let pre(λ{NA+B}) be those elements in Λθ before the first letter
of λ{NA+B}. For example, in Λϑ, λ{N7} = dcd, pre(λ{N7}) = abcbcdcc. However,
dcd /∈ abcbcdcc. We prove this generally:

Theorem 12.7. λ{NA+B} /∈ pre(λ{NA+B}

Proof. We prove the case for {Nk(+)}: Let pre{Nk(+)} = {a + bθ ≤ Bθ}. The
difference between greatest and least elements of {Nk(+)} is A − Bθ. But Bθ is
the greatest member of pre{Nk(+)} and so if µ, ν ∈ pre{Nk(+)}, A − Bθ $= µ − ν.
Because λ encodes differences, λ{NA+B} /∈ λpre{NA+B}. !
12.6. Expanding The Nucleus. The nuclear sequences, {NA+B}, may be ex-
panded into longer sequences of complements. Let lA+B and uA+B be the lower
and upper limits, respectively, of {NA+B}. For all a + bθ ≥ uA+B that are strictly
less than min(A + 1, (B + 1)θ), it is still true that a ≤ A, and b ≤ B. We will call
this sequence {TA+B}, namely the one beginning with uA+B and ending just before
min (A + 1, (B + A)θ) :

{TA+B} =






{a + bθ | Bθ ≤ a + bθ < min(A + 1, (B + 1)θ)} = {TA+B(−)}
or
{a + bθ | A ≤ a + bθ < min(A + 1, (B + 1)θ)} = {TA+B(+)}

The complements of the elements in {TA+B} are connected and extend from lA+B

and below:
{T ′

A+B} = {a+bθ | (A−a)+(B−b)θ ∈ {TA+B}}. Then #{TA+B} = #{T ′
A+B}.

Because uA+B ∈ {TA+B} and lA+B ∈ {T ′
A+B}, these sequences are never empty.6

Then, joining these three sequences, we define
{CA+B} = T ′

A+B ∪ {NA+B} ∪{ TA+B}.

Theorem 12.8. {CA+B} is a connected sequence of complements to A + Bθ.

Proof. By theorem 12.4 and the definitions of {CA+B}, {T ′
A+B}, and {TA+B}. !

Consequently, λ{CA+B} is a palindrome: ˜λ{NA+B} = λ{NA+B} and ˜λ{TA+B} =
λ{T ′

A+B}. Because we have defined {CA+B} as a maximal sequence of complements,
we will call λ{CA+B} a maximal palindrome.

For the remainder, let A + B = k.
As an immediate corollary of Theorem 12.7, λ{Ck} /∈ pre(λ{Ck}. Putting both

results together, it also follows that no two maximal palindromes are identical, nor
are any two nuclear palindromes.

6However, if these are their only members, then δ{TA+B} = δ{T ′
A+B} = ∅ and λ{TA+B} =

λ{T ′
A+B} = ∅.
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Because λ encodes differences, λ{NA+B} /∈ λpre{NA+B}. !
12.6. Expanding The Nucleus. The nuclear sequences, {NA+B}, may be ex-
panded into longer sequences of complements. Let lA+B and uA+B be the lower
and upper limits, respectively, of {NA+B}. For all a + bθ ≥ uA+B that are strictly
less than min(A + 1, (B + 1)θ), it is still true that a ≤ A, and b ≤ B. We will call
this sequence {TA+B}, namely the one beginning with uA+B and ending just before
min (A + 1, (B + A)θ) :

{TA+B} =
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A+B} = {a+bθ | (A−a)+(B−b)θ ∈ {TA+B}}. Then #{TA+B} = #{T ′
A+B}.

Because uA+B ∈ {TA+B} and lA+B ∈ {T ′
A+B}, these sequences are never empty.6

Then, joining these three sequences, we define
{CA+B} = T ′

A+B ∪ {NA+B} ∪{ TA+B}.

Theorem 12.8. {CA+B} is a connected sequence of complements to A + Bθ.

Proof. By theorem 12.4 and the definitions of {CA+B}, {T ′
A+B}, and {TA+B}. !

Consequently, λ{CA+B} is a palindrome: ˜λ{NA+B} = λ{NA+B} and ˜λ{TA+B} =
λ{T ′

A+B}. Because we have defined {CA+B} as a maximal sequence of complements,
we will call λ{CA+B} a maximal palindrome.

For the remainder, let A + B = k.
As an immediate corollary of Theorem 12.7, λ{Ck} /∈ pre(λ{Ck}. Putting both

results together, it also follows that no two maximal palindromes are identical, nor
are any two nuclear palindromes.

6However, if these are their only members, then δ{TA+B} = δ{T ′
A+B} = ∅ and λ{TA+B} =

λ{T ′
A+B} = ∅.
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On aura remarqué que ces palindromes 
ne sont pas (pas tous) maximaux.
On peut étendre à des palindromes 
maximaux par les définitions suivantes:
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I've just discovered a most amazing property, and it is stunning to me that 
I've looked at this sequence for so many years and never saw it. Here's a 
good chunk of lambda. I've replaced the 40 appearances of the letter g with 
a bold X:
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palindrome.

I am stunned. 



D’une lettre à elle-même

ALERT!!!!

I've just discovered a most amazing property, and it is stunning to me that 
I've looked at this sequence for so many years and never saw it. Here's a 
good chunk of lambda. I've replaced the 40 appearances of the letter g with 
a bold X:

abcbcdccdcdedcdeddededdeddfddeddfdddfddfdddfddfXfddfddfXfddfXfdfXfddfXfdfXf
XfdfXfdfXfXfdfXfXffXfXfdfXfXffXfXfXffXfXffXfXfXffXfXffhffXfXffXfXffhffXfXff
hffXffhffXfXffhffXffhffhffXffhffXffhffhffXffhffhfffhffhffX

NOTE THIS: between any two adjacent X's, the intervening letters form a 
palindrome.

I am stunned. 



D’une lettre à elle-même



D’une lettre à elle-même

Il s’agissait de montrer que si xWx est un 
facteur de Λ et W ne contient pas la 
lettre x, alors W est un palindrome.



D’une lettre à elle-même

Il s’agissait de montrer que si xWx est un 
facteur de Λ et W ne contient pas la 
lettre x, alors W est un palindrome.
À cause du syndrôme des trois lettres, W 
peut avoir 0, 1 ou 2 lettres.



D’une lettre à elle-même

Il s’agissait de montrer que si xWx est un 
facteur de Λ et W ne contient pas la 
lettre x, alors W est un palindrome.
À cause du syndrôme des trois lettres, W 
peut avoir 0, 1 ou 2 lettres.
Seul le cas de deux lettres pose problème.
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D’abord on prouve que V est «mince»: 
max V - min V ≤ 1 («épaisseur» de la tranche 
entre les deux occurrences de la différence x)

On en déduit que V est entièrement contenu 
dans un palindrome maximal.

Enfin par modifications récursives de V, on 
prouve que c’est forcément un palindrome.
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Principe de la preuve du dernier maillon:

On montre que V est soit centrée dans Ck (donc 
palindromique), soit «calée à droite», soit 
«calée à gauche» mais dans Ck-1.

Si elle est calée à droite on la remplace par son 
symétrique dans Ck, si gauche on décrémente k.

Applicant récursivement cette transformation 
(au couple (V, Ck)) on finit par trouver que V 
centrée dans un Cm, i.e. palindromique.
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Norman a récemment publié un résultat 
qui implique le précédent :

(Journal of Integer Sequences, Vol. 16 (2013))

• La complexité palindromique de Λ est 
maximale, i.e. Λ est «riche».

• Ex: «tailor» est riche car contient 6 
palindromes pour 6 lettres.



… et même plus



… et même plus

• Définition équivalente d’un mot «riche»: 
tous ses préfixes finissent par un palindrome 
à occurrence unique (pou).



… et même plus

• Définition équivalente d’un mot «riche»: 
tous ses préfixes finissent par un palindrome 
à occurrence unique (pou).

• Ex: «indeed» avec i, in, ind, inde, indee, 
indeed.



… et même plus
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tous ses préfixes finissent par un palindrome 
à occurrence unique (pou).

• Ex: «indeed» avec i, in, ind, inde, indee, 
indeed.

• Tout facteur d’un mot riche étant riche, on 
peut définir les mots infinis riches.
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… et même plus

• Il est assez élémentaire de prouver (entre 
noyaux et «facteurs centrés») que tous les 
préfixes des facteurs finis de Λ se terminent 
par un palindrome à usage unique, i.e. que 
Λ est riche.
abcbcdccdcded…
• La richesse implique la «conjecture des 
occurrences successives»

•
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En revanche Γ n’est pas riche.

abcbcaccacabacababab…



Pour finir

Garder la ternarité et rien d’autre
On peut projeter Λ sur un mot de trois 
lettres, Γ. Comme les palindromes de  
Λ ont au maximum trois lettres, tout 
palindrome de Λ se projette sur un 
palindrome de Γ.
En revanche Γ n’est pas riche.

abcbcaccacaeacaeaeaeaaeaafaaeaafaa



Pour finir

Garder la ternarité et rien d’autre
On peut projeter Λ sur un mot de trois 
lettres, Γ. Comme les palindromes de  
Λ ont au maximum trois lettres, tout 
palindrome de Λ se projette sur un 
palindrome de Γ.
En revanche Γ n’est pas riche.

abcbcaccacaeacabababaabaacaabaacaa
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